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Introduction
Let K be a nonempty closed convex subset of real normed linear space E. A self-mapping T : K → K is said to be nonexpansive if T (x) − T (y) ≤ x − y for all x, y ∈ K . A self-mapping T : K → K is called asymptotically nonexpansive if there exists sequence {k n } ⊂ [1, ∞), k n → 1 as n → ∞ such that
for all x, y ∈ K and each n ≥ 1. A mapping T : K → K is said to be uniformly L-Lipschitzian if there exists constant L > 0 such that
for all x, y ∈ K and each n ≥ 1.
Being an important generalization of the class of nonexpansive self-mappings, the class of asymptotically nonexpansive self-mappings was introduced by Goebel and Kirk [1] in 1972, who proved that if K is a nonempty E-mail address: WL64mail@yahoo.com.cn. closed convex subset of a real uniformly convex Banach space and T is an asymptotically nonexpansive self-mapping on K , then T has a fixed point.
Iterative techniques for approximating fixed points of nonexpansive self-mappings have been studied by various authors (see, e.g., [2] [3] [4] [5] ), using the Mann iteration process or the Ishikawa iteration process.
In 2001, Xu and Ori [6] introduced the following implicit iteration process for a finite family of nonexpansive self-mappings {T i : i ∈ I }, where I = {1, 2, . . . , N }. {α n } is a real sequence in (0, 1), and for any initial point x 0 ∈ K :
x n = α n x n−1 + (1 − α n )T n x n (1.3)
where T n = T n(mod N ) , the mod N function takes values in I . They proved the weak convergence of the above process to a common fixed point of the finite family of nonexpansive self-mappings. Later on, the implicit iteration method has been used to study the common fixed points of a finite family of strictly pseudocontractive self-mappings, asymptotically nonexpansive self-mappings or asymptotically quasi-nonexpansive self-mappings by some authors (see, e.g., [7] , [8] , [9] ), respectively. In 1991, Schu [10] introduced a modified Mann iteration process to approximate fixed points of asymptotically nonexpansive self-mappings in Hilbert space. More precisely, he proved the following theorem.
Theorem 1 ([10])
. Let H be a Hilbert space, K a nonempty closed convex and bounded subset of H . Let T : K → K be an asymptotically nonexpansive mapping with sequence {k n } ⊂ [1, ∞) for all n ≥ 1, lim n→∞ k n = 1 and
for some constant a, b. Then the sequence {x n } generated from arbitrary x 1 ∈ K by
converges strongly to some fixed point of T .
Since then, Schu's iteration process has been widely used to approximate fixed points of asymptotically nonexpansive self-mappings in Hilbert space or Banach spaces (see, e.g., [4, [10] [11] [12] [13] ).
In (1.3) and (1.4), the mappings are nonexpansive self-mappings. However, when the mappings are nonself mappings, the iterations (1.3) and (1.4) may fail to be well defined.
For nonself nonexpansive mappings, some authors (see, e.g., [14] [15] [16] [17] [18] ) have studied the strong and weak convergence theorems for such mappings in Hilbert space or uniformly convex Banach spaces.
The concept of nonself asymptotically nonexpansive mappings was introduced by Chidume, Ofoedu and Zegeye [19] in 2003 as the generalization of asymptotically nonexpansive self-mappings. The nonself asymptotically nonexpansive mapping is defined as follows: 19] ). Let K be a nonempty subset of real normed linear space E. Let P : E → K be the nonexpansive retraction of E onto K . A nonself mapping T : K → E is called asymptotically nonexpansive if there exists sequence {k n } ⊂ [1, ∞), k n → 1 as n → ∞ such that
for all x, y ∈ K and each n ≥ 1. T is said to be uniformly L-Lipschitzian if there exists constant L > 0 such that
Remark 1.1. It is easy to see that nonself asymptotically nonexpansive mapping is uniformly L-Lipschitzian. By studying the following iteration process
Chidume, Ofoedu and Zegeye [19] got some strong and weak convergence theorems for nonself asymptotically nonexpansive mapping in uniformly convex Banach spaces.
Recently, Wang [20] proved the following strong and weak convergence theorems for common fixed points of two nonself asymptotically nonexpansive mappings in uniformly convex Banach spaces.
Theorem 2 ([20]
). Let K be a nonempty closed convex subset of a uniformly convex Banach space E. Suppose T 1 , T 2 : K → E are two nonself asymptotically nonexpansive mappings with sequences {k n }, {l n } ⊂ [1, ∞) such that
n−1 y n ),
where {α n }, {β n } are two sequences in [ , 1 − ] for some > 0. If one of T 1 and T 2 is demicompact, and F(T 1 ) F(T 2 ) = φ, then {x n } converges strongly to a common fixed point of T 1 and T 2 .
Theorem 3 ([20]
). Let K be a nonempty closed convex subset of a uniformly convex Banach space E satisfying Opial's condition. Suppose T 1 , T 2 : K → E are two nonself asymptotically nonexpansive mappings with sequences
Let {x n } be defined by as in Theorem 2, where {α n }, {β n } are two sequences in
then {x n } converges weakly to a common fixed point of T 1 and T 2 . Remark 1.2. If T is a self-mapping, then P becomes the identity mapping so that (1.5) and (1.7) reduce to (1.1) and (1.4), respectively.
In this paper, we construct an explicit iteration scheme to approximate a common fixed point of a finite family of nonself asymptotically nonexpansive mappings {T i : i ∈ I } and prove some strong and weak convergence theorems for such mappings in uniformly convex Banach spaces.
Preliminaries
Throughout this paper, we use I to denote the set {1, 2, . . . , N } and F to denote the set of common fixed points of a finite family of nonself asymptotically nonexpansive mappings {T i : i ∈ I }, i.e., F = {x ∈ K : T i x = x, i ∈ I }.
Let E be a real Banach space, K nonempty closed convex subset of E, which is also a nonexpansive retract of E with nonexpansive retraction P. Let {T i : i ∈ I } be N nonself asymptotically nonexpansive mappings from K to E. In order to approximate the common fixed points of a finite family of nonself asymptotically nonexpansive mappings {T i : i ∈ I }, we construct an explicit iteration scheme as follows: From arbitrary
where
For the sake of convenience, we restate the following concepts and results: A subset K of E is said to be retract if there exists continuous mapping P : E → K such that P x = x for all x ∈ K . A mapping P : E → E is said to be a retraction if P 2 = P.
Note. If a mapping P is a retraction, then P z = z for every z ∈ R(P), range of P. Every closed convex subset of a uniformly convex Banach space is a retract. A Banach space E is said to satisfy Opial's condition if for any sequence {x n } in E, x n x implies that lim sup n→∞ x n − x < lim sup n→∞ x n − y for all y ∈ E with y = x, where x n x denotes that {x n } converges weakly to x.
A mapping T : K → E is said to be demicompact if, for any sequence {x n } in K such that x n − T x n → 0 (n → ∞), there exists subsequence {x n j } of {x n } such that {x n j } converges strongly to x * ∈ K . A mapping T with domain D(T ) and range R(T ) in E is said to be demiclosed at p if whenever {x n } is a sequence in D(T ) such that {x n } converges weakly to x * ∈ D(T ) and {T x n } converges strongly to p, then T x * = p.
Lemma 2.1 ([13]
). Let {α n } and {t n } be two nonnegative sequences satisfying α n+1 ≤ α n + t n for all n ≥ 1.
If ∞ n=1 t n < ∞, then lim n→∞ α n exists.
Lemma 2.2 ([10])
. Let E be a real uniformly convex Banach space and 0 ≤ p ≤ t n ≤ q < 1 for all positive integer n ≥ 1. Also suppose that {x n } and {y n } are two sequences of E such that lim sup n→∞ x n ≤ r , lim sup n→∞ y n ≤ r and lim n→∞ t n x n + (1 − t n )y n = r hold for some r ≥ 0, then lim n→∞ x n − y n = 0.
Lemma 2.3 ([19])
. Let E be a real uniformly convex Banach space, K a nonempty closed subset of E, and let T : K → E be nonself asymptotically nonexpansive mapping with a sequence {k n } ⊂ [1, ∞) and k n → 1 as n → ∞. Then I − T is demiclosed at zero.
Main results
Lemma 3.1. Let K be a nonempty closed convex subset of a normed linear space E, which is also a nonexpansive retract of E with nonexpansive retraction P. Let {T i : i ∈ I } be N nonself asymptotically nonexpansive mappings from K to E with sequence {k
n = 1 for all i ∈ I , respectively. Suppose that {x n } is generated by (2.1), where {α n } is a real sequence in [0, 1). If F = φ, then lim n→∞ x n − q exists for each q ∈ F.
Proof. Setting k n = max{k
In addition,
Similarly, we have
By induction, for n = (m − 1)N + i, i ∈ I , we have
Since ∞ n=1 u n < ∞, without loss of generality, we may assume that u i k ≤ u k for i ∈ I and any positive integer k.
Since ∞ n=1 u n < ∞, we obtain that {x n } is bounded. Furthermore, there exists constant M > 0 such that x n − q ≤ M for any n ≥ 0. Thus, as n = (m − 1)N + i > N , i ∈ I , it follows from (3.1) that
Since n → ∞ is equivalent to m → ∞, it follows from Lemma 2.1 that lim n→∞ x n − q exists. The proof is completed.
Lemma 3.2. Let K be a nonempty closed convex subset of a real uniformly convex Banach space E, which is also a nonexpansive retract of E with nonexpansive retraction P. Let {T i : i ∈ I } be N nonself asymptotically nonexpansive mappings from K to E with sequence {k
respectively. Suppose that {x n } is generated by (2.1), where {α n } is a real sequence in [δ, 1 − δ] for some δ ∈ (0, 1). If F = φ, then lim n→∞ x n − T i x n = 0 for each i ∈ I .
Proof. It follows from Lemma 3.1 that lim n→∞ x n − q exists for any q ∈ F. Taking q ∈ F, we may assume that lim n→∞ x n − q = c. Assume n + 1 = (m − 1)N + i, i ∈ I , since
Taking lim inf on both sides in (3.2), we obtain lim inf
Taking lim sup on both sides in (3.4), we have lim sup
Thus, from (3.3) and (3.5), we have
Since lim n→∞ x n − q = c and lim sup n→∞ T n+1 (P T n+1 ) m−1 x n − q ≤ c, it follows from Lemma 2.2 that
Hence, as n → ∞,
By induction, for any positive integer l,
When n > N , we have
where L is the Lipschitzian constant of the mappings {T :
It follows from (3.9)-(3.11) that lim n→∞ x n − T n+i x n = 0. Thus for each i ∈ I , lim n→∞ x n − T i x n = 0. This completes the proof.
For studying the strong convergence of fixed points of a nonexpansive mapping, Senter and Dotson [21] introduced a condition (A) which is more weaker than T is demicompact. A mapping T : K → E with F(T ) = {x ∈ K : T x = x} = φ is said to satisfy condition (A) if there exists a nondecreasing function f : [0, ∞) → [0, ∞) with f (0) = 0 and f (t) > 0 for all t ∈ (0, ∞) such that
A finite family {T i : i ∈ I } of N mappings from K to E with F = φ is said to satisfy condition (A ) if there exists a nondecreasing function f : [0, ∞) → [0, ∞) with f (0) = 0 and f (t) > 0 for all t ∈ (0, ∞) such that
In fact, it is easy to see that condition (A ) reduces to condition (A) as
Theorem 3.3. Let K be a nonempty closed convex subset of a real uniformly convex Banach space E, which is also a nonexpansive retract of E with nonexpansive retraction P. Suppose {T i : i ∈ I } are N nonself asymptotically nonexpansive mappings from K to E with sequence {k
for all i ∈ I , respectively. From arbitrary x 0 ∈ K , define sequence {x n } by (2.1), where {α n } is a sequence in [δ, 1 − δ] for some δ ∈ (0, 1). If F = φ and {T i : i ∈ I } satisfy condition (A ), then {x n } converges strongly to a common fixed point of the mappings {T i : i ∈ I }.
Proof. It follows from Lemma 3.1 that lim n→∞ x n − T i x n = 0 for all i ∈ I . Since {T i : i ∈ I } satisfies condition (A ), we have lim n→∞ d(x n , F) = 0.
We now prove that {x n } is a Cauchy sequence. Since lim n→∞ d(x n , F) = 0, for any ε > 0, there exists positive integer N 1 such that d(x n , F) < ε 3M for any n ≥ N 1 , where M is the constant in Lemma 3.1. Thus there exists P ∈ F such that x N 1 − p < ε 2M . Therefore, for any m, n ≥ N 1 , we have
This means that {x n } is a Cauchy sequence in K .
Since {x n } is a Cauchy sequence in K , we may assume that lim n→∞ x n = q ∈ K . It follows from Lemma 3.2 that lim n→∞ x n − T i x n = 0, by the continuity of T i , where i ∈ I , we have q ∈ F, i.e., q is a common fixed point of {T i : i ∈ I }. The proof is completed.
Theorem 3.4. Let K be a nonempty closed convex subset of a real uniformly convex Banach space E, which is also a nonexpansive retract of E with nonexpansive retraction P. Suppose {T i : i ∈ I } are N nonself asymptotically nonexpansive mappings from K to E with sequence {k
for all i ∈ I , respectively. Let {x n } be generated by (2.1), where {α n } is a sequence in [δ, 1 − δ] for some δ ∈ (0, 1). If one of the mappings in {T i : i ∈ I } is completely continuous, then {x n } converges strongly to a common fixed point of the mappings {T i : i ∈ I }.
Proof. It follows from Lemmas 3.1 and 3.2 that {x n } is bounded and lim n→∞ x n − T i x n = 0 for all i ∈ I , then {T i x n } is also bounded for each i ∈ I . Without loss of generality, we may assume that T 1 is completely continuous, hence there exists subsequence {T 1 x n j } of {T 1 x n } such that T 1 x n j → p strongly as j → ∞. We still have lim j→∞ x n j − T 1 x n j = 0. So by the continuity of T 1 , we have lim j→∞ x n j − p = 0. In addition, since lim n→∞ x n − T i x n = 0, it follows from Lemma 2.3 that p ∈ F. By Lemma 3.1, we get that lim n→∞ x n − p exists. Thus lim n→∞ x n − p = 0. The proof is completed. Theorem 3.5. Let K be a nonempty closed convex subset of a real uniformly convex Banach space E, which is also a nonexpansive retract of E with nonexpansive retraction P. Suppose {T i : i ∈ I } are N nonself asymptotically nonexpansive mappings from K to E with sequence {k
for all i ∈ I , respectively. Let {x n } be generated by (2.1), where {α n } is a sequence in [δ, 1 − δ] for some δ ∈ (0, 1). If one of the mappings in {T i : i ∈ I } is demicompact, then {x n } converges strongly to a common fixed point of the mappings {T i : i ∈ I }.
Proof. Suppose T 1 is demicompact, since {x n } is bounded and lim n→∞ x n − T 1 x n = 0, then there exists subsequence {x n j } of {x n } such that {x n j } converges strongly to q. It follows from Lemma 3.1 that lim n→∞ x n − T i x n = 0. In addition, by Lemma 2.3, we have q ∈ F. Thus lim n→∞ x n − q exists by Lemma 3.1. Since the subsequence {x n j } of {x n } such that {x n j } converges strongly to q, then {x n } converges strongly to a common fixed point of the mappings {T i : i ∈ I }. The proof is completed. Theorem 3.6. Let K be a nonempty closed convex subset of a real uniformly convex Banach space E satisfying Opial's condition, which is also a nonexpansive retract of E with nonexpansive retraction P. Suppose {T i : i ∈ I } are N nonself asymptotically nonexpansive mappings from K to E with sequence {k n − 1) < ∞, lim n→∞ k (i) n = 1 for all i ∈ I , respectively. Let {x n } be generated by (2.1), where {α n } is a sequence in [δ, 1 − δ] for some δ ∈ (0, 1). Then {x n } converges weakly to a common fixed point of the mappings
Proof. For any q ∈ F, it follows from Lemma 3.1 that lim n→∞ x n − q exists. We now prove that {x n } has a unique weak subsequential limit in F.
Firstly, let q 1 and q 2 be weak limits of subsequences {x n k } and {x n j } of {x n }, respectively. By Lemmas 3.2 and 2.3, we know that q 1 , q 2 ∈ F. Secondly, assume q 1 = q 2 , then by Opial's condition, we obtain which is a contradiction, hence q 1 = q 2 . Then {x n } converges weakly to a common fixed point of the mappings {T i : i ∈ I }. The proof is completed.
